
~ Introduction to topological spaces' homology
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Que may construct topological Spaces through a variety of methods .
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~ non-orientable surfaces :
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- glue together 2 mobius bands to get a klein bottle
·

Standard
N V giving cannot be drawn in IRS

· > diagram Ef
vinips.

~ RP2
, the real projective plane
⑧

alternative defns : O topological space of lines passing through the origin inR
N -m ② Identifying antipodal points of the 2-Sphere in IRS

.

⑨

~ we can abstractthis to IRP ....



②making new spaces by building upon existing spaces.

XIRph = IRphUfDr · this is called real projective space.

~ similarly ,
we may construct complex dimensional space. n +1

pph is defined similarly ,
aseines passing through the origin of $.

Notice here the dimensionality difference between K and R.

the complex line contains objects of the form atbi. Thus ,
we may relate

Dto PR2. &2 to 1R4
,
etc.

~ the details of this construction is beyond the scope of this lecture.

~ wedge product

S'VS' :

·
S'vs'vs'vs' Gobouquet of circles .

~ connect sum

# =
non-orientable : T#RP2 = RP2#RP2#RP2
-

XFACAO this operation classifies all (closed , connected) surfaces. For those interested,
it is called the classification theorem of closed surfaces.
-

③ simplicial complex
~ they have a constructive depn.
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edge w/o vertices.
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. intersection ofAs is not an edge .
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↑STINGUISHING SPACES &

Q : How do we tell the difference between 2 arbitrary topological spaces ?
i
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~ the toms has a "hole .

"

* Essentially , homology tells us how many "holes" we have in each dimension.

the input , for our sake , is a topological space and a group , usually I.
the output is a group ,

interms of our input group) , in each dimension.

S2 : ->
homology

->
dim o -> I

, for I connected component
calculator dim 1 -> 0. No 1-dimensional holes

dim2-I
,

one 2D hole.

dim o -> I
, for I connected component

calculator
->

B3 : /// ->
homology

dim 1 -> 0. No 1-dimensional holes

dim2 -> 0 ,
no2-dim hole.

this space has "no interesting homology"

A B

S'VS' :

⑧ ->
homology dim o -> I

, for I connected component
calculator-

>

dim 1 -> L*E ,
two circles

, literally 1D hous

* homology dim o -> I
, for I connected component

↑
2

:

(i
->

calculator
->

M

dim1 ->I
,
two 1-p holes

dim2-I
,

one 2D hole.

-What we are really looking for are des that do not bound any thing -

in



*explicit computation

we construct chain groups for each dimension that are related by boundary
maps (homomorphisms) labeledOn for dim = n.

vo to 0
,
(10) = Votr, a non-interesting example: "Literally" the boundary.

~ cycles vs boundaries note: this example uses * coefficients· (thus I is irrelevant
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22 es

& (o) = Vo +V
,I

&. (f , ) = V
,

+z 0, leg) = Va +V &(f) = ey +2x +25
0

, (12) = VetVo D
,
(+)

= Vy + V5

&,(13) = Va +Vz
~ we can represent these with matricies !

~ let's get slightly more techical.
F= faces , E-edges ,

V= vertices.

then, 02 o-map

F - fo- 0

- For SpaceX ,
we have zero faces ,

so F =0 For Y ,
0 in dim = 3

08%0 &(f) =ez+1+15
, 80by +ex+15 + [M/G2)

only interesting map

() = (0)s 3 0 Free vos o

Also , estlatle +her (d , )·

Note , +1 E Ker (01) &the V
,
E ,
&F are secretly

the main groups.

ecompute homology : Hn(z;72) = Keron/Amon
+, Where z an arbitrary topological space .

also stated : cycles/boundaries.
again , looking for "noses.

"

w We must get even more technical
&

Ima = 0 !
HilX; ) = /Amaurd,e homology sees our loop , both , tes

H , (Y ;<) =
Kro ,

mo = O relstlates is in both Kero , and Emb


