
SubordismTheorem - motivation and Backgroundx

Ismale 1960's
, fields medal]

* h-Lobordism theorem: LetM and No be compact simplyconnected oriented on rifeds that
areh-lobordant through the simply connected (mH)-myld WM. If m 5

,
then there

is a differmorphism WEMXCO ,
IJ, which can be chosen to be the identity from mcW to

MXO cmx50 , 1]. In particular, M and N must be dippomorphic.

XImportance : characterization of spheres .

the key in proving the generalized Poincare conjecture in dim-5.

xpoincare conjectures if a Smooth manfed Em is homotopy equivalent to Sh ,
m, 5

, then Em 3 gm
are homeomorphic.

~Note
, differmorphic fails in dims, 7

.

& Recall&

def: The with homotopy group ,
Th(X)

,
is the group whose equivalence classes of maps f :sX under

(based) homotopy . That is , each map f must send some element yes" to Xo
,

and the homotopies F between

the mapsf must be based at Xo : Fly) = Xo forall 0-t=
1
.

*A space X is connected ifTo (X) is the trivial group .

&A space X is simply-connected if I, (X) and Fo(X) are both trivial.

xcobordism : A lobordism between two oriented m-molds M and N is any oriented (m+) -myld W st

its boundary is OW = UN.
XNote : one of the mylds has reversed orientation !

~ when such a Wexists ,
m3 N are called lobordant -

examples : - Trivial example ?
M = 503 dim= o St dim = 1 M = M ,

an n-dim unfed.
N = 513 dim= 0 S S dim= 1 W= MXI ·

St
W = (0,1] dim = 1 W= pair of pants dim= 2 : cylinder gives trivial

~ the unit interval as a S↳ & 1 /sxI copordism of st to

cobordism between 2 points. itself.

Xh-cobordisms are stronger than Lobordisms

-

X A Cobordism W between molds MBN is an h-lobordism if itismotopically like MXI.

~ equivalently- Recalls
A homeomorphism is a special case of a

· W deformation retracts to M (or N)
. homotopy equivalence , in which gof-idx , fog = idy.

· the inclusionMW is a homotopy equivalence. (or NW) equal ,
not homotopic.

·

if M33N are simply connected ,
this is equivalent to Hx(W , M; (1) = 0.

Nex 135 from above are h-cobordisms.

-broadly speaking: Given MIN two manifolds of dim, 5
,

and Wan h-lobordism between them. Then,
M and N are dippomorphic.



* proving the Poincare Conjecture in dimensions 15 5 .

stated: For any 36, any simply connected
,

closedr-manifold M whose homology groups Hp(m) are

isomorphic to Hp(S) for all pe is homeomorphic to Sh

dim= 5
,
6 the statement can be strengthened for a differmorphism,

MESV

Af: let M be a manifold of dim = m 36.

cut out 2 small m-dim disks ,
D' and D"-

gu - n-lobordism
O

- theorem t

3 Mollivisi=a cobordism gm- xI& molDUD's between c

copies of Sm
+

=>sm differ mone -

sat
Now we wish to extend this mapI include D' and D".

(caution : Imay not extend to a differ morphism (

X first ,
we notice that the differ morphism I M-CDUD SMIxI is the identify map on the

bottom Sm! According to the schematic below , we now have a difpeomorphism
& : M -D' -> (Sm

+

XI)VD"

movit S M gm- xI
-7-

=
--

gri #i
ge

along sm+ boundary

Xobserve X SM
+

x I VD" = Dm
↳ try to see it's sinital = = ///,

4

cobordism
=

XWe may now view M as being constructed from two m-dim dists
,
DM andD , that are

glued together along SM. Now glue the D' to both M-D' and DM CSMxEx)
D D' m- 1

Sgmt7 Tilgre7T il gle ANote I extends to a differmorphism
over the SMI .

M SM =XmD
Ent Ent

*e. Any disfromorphism of boundary Spheres So extends to a homomorphism ofD .

->the extension is a radial extension.
Xo

xthis completesthe proof for dim 6


